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Abstract: Fixed joints attach the three-dimensional cubic grid structure as
Scaffolding its base face and its lateral face to the planar ground and a planar lateral
wall, respectively. Inserting some short or long bracing elements, we make the
framework of the scaffolding rigid. We provide a convenient method to determine if
the braced structure is rigid or flexible. This result is also useful from the algorithmic
point of view, and it is applicable in structural and safety engineering, may useful
input of simulation and topology optimization. The presented results provide
algorithms which contribute to the development of a better characterization of the
structures which are discretized as Bar and Joint Scaffolding frames or can be
subdivided to those . Last, we suggest the revision of the sample scaffolding one of
the standard.
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Introduction

We consider the rigidity of the grid, like bar and joint framework that are necessarily
finite structure. Building frameworks, crystalline materials, some biomechanical or
some social networks with a lattice-like structure, are considered central force
model. In this model, the angles between two adjacent bonds can change with zero
energy, but then the amount of energy used is not zero when the lengths of the bonds
are changed. Hence, this model is more complicated than our bar joint model, which
uses regular length bars instead of bonds with the variable lengths. The central-force
percolation rigidity model considers the rigidity of the structure when bonds are
randomly chosen [1-4]. Significant results consider the rigidity of finite structures [517] some finite and some infinite periodic structures. In this paper, we consider
frameworks, which consists of fixed length, not deformed bars that could rotate
independently and freely around the connecting joint, our frameworks are grid-like
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finite structures. A natural question for the bar-joint structures is; what is the
minimum number of bars and which joints have constrained by bars that will lead to
a rigid structure. The framework, consisting of rotatable joints connected by bars, is
one of the most simple structures in statics.
Definition 1.1: A framework is rigid if any continuous motion of the joints that keeps
the length of every bar fixed also keeps the distance between every pair of vertices
fixed in the framework.
Structure, which forms a triangle with vertices as joints, and bars as sides, is rigid, in
two and three dimensions also. A similar square frame is not rigid on the plane, and
neither is in the space, it could deform to a rhomb in the 2-dimensional plane, and a
rhomb or a skew quadrilateral in the 3-dimensional space. If we use one of the
diagonals of the square, as bracing elements, then the square framework with this
will be rigid in the 2-dimensional plane but will be not rigid in space, it could deform
to a skew quadrilateral in the space. If we use both diagonals of a square, as a
bracing element, the square with the diagonals will be rigid in the plane according to
the above definition. In statics, rigidity does not even allow infinitesimal motions. A
framework is infinitesimally rigid if it is rigid, and does not have any infinitesimal
motion, i.e. kinematically determinate. For example, the square with the two
diagonal braces is not infinitesimally rigid in space. We could fix three joint of the
square; in this case, the fourth can move infinitesimally perpendicularly to the plane
of the fixed triangle. Hence this framework is referred to kinematically indeterminate
in 3-dimensional space (we disregard that the diagonals intersect each other, one of
them can move independently from the other).

1.1 The infinitesimal rigidity of bar-joint framework
The infinitesimal motion is a special case of virtual motion; that refers to a virtual
change in the position such that the constraints remain satisfied (possible motions).
The rigid body motions refer to the trivial infinitesimal motion. Definition 1 allows
frameworks that have infinitesimal motions. In the statics for the rigid structure, the
non-trivial infinitesimal motions of the joints have not permitted [18-22].
If a framework is infinitesimally rigid, we require first-order preservation of
distances during the infinitesimal motions of all joints. We have to decide the rank of
rigidity matrix of the framework.
Let (xi,yi,zi) be the coordinates of the joint P i of the F(P) bar-joint structure, where (1
≤ i ≤ n). A bar between the joints Pi and Pj determines the distance from Pi to Pj,
therefor it is constant, by differentiating its square, leads to the next equation:

(xi – xj)(ẋi–ẋj)+ (yi – yj)(ẏi–ẏj)+ (zi – zj)(żi – żj)=0 (1).
Where, the velocity coordinates ẋi, ẏi, żi are the varieties. Hence, if we use bars
between joints, and the number of bars is e, then we get a system with e pieces of
equations. The matrix representation of the equation system is the next:

–2–

Au = 0

(2).

Where u is the column vector of velocity, and A is an e×3n rigidity matrix. In statics,
rigidity does not even allow infinitesimal motions. In this case, the equation (2) has
the trivial solution only (i.e., the rigid body like motions). The rigid body motion of
the joint keeps fixed the distance between the pairs of the joint. If the joints of the
framework have motions, that different from the rigid body motion, then the
framework is not rigid. In this case the rank(A)<3n-6. The framework is rigid if and
only if the rank(A)=3n-6, see: [20, 21]. Maxwell [18] gave this characterization but
with his result, the time complexity of deciding the rigidity is O(e3).
A three-dimensional framework composed of ideal rigid bars connected by ideal
frictionless joints is statically and kinematically determinate if the above rank
condition is satisfied. The equilibrium equation system describes the internal
tensions and loads in the bars and at the nodes. The transpose of the matrix of the
equilibrium equation system we get the rigidity matrix. Hence, they have equal rank.
We consider the kinematically determinate, i.e. the infinitesimally rigid, and the
kinematically indeterminate, i.e. infinitesimally flexible frameworks [20-22]. From
this point, the kinematically determined, i.e. the infinitesimally rigid, and the
kinematically indeterminate, i.e. infinitesimally flexible refers to motion and rigidity
respectively.
The coefficient matrix of system A is referred to as rigidity matrix of F(P). We
determine the infinitesimal rigidity of a bar-joint framework after Maxwell as a rank
condition of the rigidity matrix. We can see an equation system that describes the
possible motion of a cubic framework on Figure1.

Figure 1
The rigidity equation system of the Bar-Joint framework.
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On the bottom, we can see a cubic bar-joint framework with one diagonal brace. It is not a special
framework since for instant the joint on the plane YZ are not necessarily coplanar during the motions of
the frameworks. We have to solve the above equations system for determining the possible motions.

We know the number of equations are not enough, one of the reasons are is that there
are few bars in the framework, the other reason is the rigid body like motions. We
can find exact descriptions of the infinitesimal rigidity in [20-22]. In some special
cases, we can work with graph or matroid theoretical models from which very fast
and efficient algorithms can be obtained [20, 21, 23-28].
The rigid body type motions of the framework are named as trivial infinitesimal
motions.
Definition 1.2: An F(p) bar-joint framework is infinitesimally rigid, i.e.
kinematically determinate if it only has the trivial infinitesimal motions.
A framework is infinitesimally flexible if the above type equation system has more
than a 6-dimensional subspace of solutions since the rigid body like motions
composes a 6-dimensional subspace. Rigidity does not even allow infinitesimal
motions inside our framework, for example, a square its two diagonals is rigid in
space but not infinitesimally rigid. Fix the three joints the fourth joint can move
infinitesimally perpendicular to the plane of the square (we disregard that the
diagonal elements are intersecting each other).
Very few results are known for infinitesimal rigidity in the space. Maxwell [18]
solved the most useful result for the general case when the structures of the joints are
not grid-like. Using this result, we have to determine the rank of the rigidity matrix
of the framework [20-22]. Hence, the order of the time complexity of deciding the
rigidity in the 3-dimensional space is N3, if we use Gauss elimination, where N is the
number of the joints. How can we decide in a large framework which bars are
redundant and which are not? There are some results in the plane [23-26, 29-36], and
space [23, 24, 26-28, 31-32, 37-42] for grid type framework that can decide the
infinitesimal rigidity of the framework more simply. The mentioned results are better
from an algorithmic point of view, because of the size of the bracing graph of the
framework, and hence the time complexity of the proposed algorithm is smaller than
consider the rank of the rigidity matrix. Hence, we can use very fast graph
theoretical, or combinatorial algorithms for rigidity. We can find some other results
that use other technics for the optimization [43-54].

1.2 The rigidity of the periodic structure
Consider a bar-joint framework in the form of a l×n rectangular grid. How can we
add diagonal braces of the grid framework in a way to make the framework rigid?
Important results consider the rigidity of finite periodic structures [25, 37, 38, 39, 40]
and some infinite periodic structures [43, 44, 49]. We consider frameworks with the
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tools of combinatorial optimization in this paper. The framework consists of
deterministic, fixed length bars that could rotate independently around the
connecting joint, our frameworks are grid-like finite structures. A natural question
for the finite and lattice-like structures is; what is the minimum number of additional
braces and where they should be placed, that will lead to a rigid structure [23-25, 2933, 35-40]. Hence, we get optimal structures.
Since the joints are the vertices of the grid, the rigidity of the structure could be
described in a simpler way. In a similar case, Bolker and Crapo solved the square
grid-bracing problem in [4]. The authors in [21] solved the same problem with long
bracing. We could regard our results than the generalization of them results in the
three-dimensional space.

2
2.1

Methods
How to brace the Cubic grid

Consider a l×m×n rectangular cubic grid. There are ball joints in the grid points, and
there are rigid bars in the grid edges. Let the joints Ji;j;k of the cubic grid framework
be the points Pi,j,k =(i,j,k) of the coordinate system, where i, j and k are integer and
0≤i≤l, 0≤j≤m, 0≤k≤n. There is a bar between two joints if and only if the difference
of one of their coordinates is one, and the others are equal. Thus, we have a cubic
grid framework. The lengths of the bars are unity. This framework is not rigid. How
can we add diagonal braces between two joints of the grid in a way to make the
framework rigid? This problem could be solved if we consider the infinitesimal
rigidity of the framework, deciding the rank of the rigidity matrix. Using the result of
Maxwell, the number of the steps of determining the rigidity is O(N3), where N is the
number of the joints. We are looking for a better characterization that gives a
method, which is convenient enough to determine the rigidity for our frameworks.
There is no similar result for the cubic grid, with similar characterization to the result
of Bolker and Crapo for the square grid in the plane. Bolker described the minimal
redundant set of diagonal braces in the cubic grid [24]. Recski [37] gave a necessary
condition. The one-story building is a l×m×1cube grid framework whose joints of
the bottom l×m face are attached to fixed joints on the ground face. Bolker and
Crapo [23] have a result for the short diagonal bracing problem of the one-story
building. Radics [40] generalized this result to the case of a n-story building with
short diagonal braces.
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Scaffolding with bracing items

2.2.1 The Bar-Joint Scaffolding
For the sake of accuracy, our redefined structures are denoted the bar-joint prefix if it
is different from the general engineering practice.
Definition 2.1 The Bar-Joint Scaffolding is a l×m×n cube grid framework and its
joints on the base l×m face are attached to fixed joints in the planar ground, which is
the X-Y plane of the coordinate system. The joints on the back lateral m×n face also
are connected to fixed joints in the lateral wall that is the Y-Z plane of the coordinate
system.
We can see an 1×1×1 Bar-Joint Scaffolding an its equation system without the
shaded elements on Figure2, which describes the possible motion of a corresponding
cubic framework.
The equation system is solvable, the set of the rigid body like motions is empty the
consequence of the fixed joints on the ground and the lateral face.

Figure 2
We can see The rigidity equation system of the 1×1×1 Scaffolding framework. On the bottom, we can
see a simple Scaffolding framework with one bracing item. We have to solve the above equation system
without the shaded entries for determining the possible motions of the Scaffolding
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The row 1, 2, 4 and 5 imply the 0 displacements both of the joints into the direction
X and Z the consequence of the shaded rows. Without the dashed diagonal brace,
we get the C52’ is equal C62’, i.e. both joint has the same infinitesimal motion into the
direction Y. However, the consequence of diagonal bar b there exists the row 6 in the
equation system, i.e., -C62’= C63’=0. Hence, all velocity is zero, i.e., our framework
is rigid. Maxwell’s rank condition is also satisfied. It is easy to understand that the
constraint of the scaffolding implies the 0 displacements each of the joints of the
Scaffolding into the direction X and Z, in the next paragraph 3.1 we present a
geometrical justification for the general case.
If we decide the rigidity with Maxwell’s rule, the complexity of the Scaffolding
problem remained same, since the number of the variety is not decreased indeed.
However, we know the number of the different displacement strongly decreased.

3 Results
The bracing problem of the bar-joint Scaffolding with short diagonal was considered
in [39], in this paper, we use the name Bar-Joint Scaffolding instead of the name
Annex Building for our framework because the name of Annex Building refers to the
application of architecture only. These results for long diagonals is general than the
earlier and is widely applicability. This result is useful from an algorithmic point of
view. The results would be generalizing for higher dimensions similarly to [39].
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Figure 3
A motion of a scaffolding framework.
On the figure, we can see a 2×3×3 scaffolding framework without bracing elements. The intersection of
the base face and the lateral face is baseline. In the beginning, the joints can move in the direction of the
base line. Right, we can see a possible displacement some of the joints. Hence, this framework is not rigid.

3.1 Motion of the Bar-Joint Scaffolding
In the Scaffolding, the intersection of the base face and the lateral face is called
baseline. It is the axis Y. Let a bar be parallel to the axis Y. If one of its endpoints
have an infinitesimal motion in the Y direction, then the other endpoint of this bar
has the same infinitesimal motion in the same Y direction, due to the rigidity of the
bar. Initially, there is no X or Z motion component (infinitesimal displacement) of
the joint, the consequence of the rigidity of the bar, which transmits these
displacements to the lateral wall, and the ground. Let the joints of a not necessarily
right prism are A1A2A3 the bottom face and B1B2B3 the top face, let the edges be bars
with unity length, except A1A2 and B1B2. This prism framework can move in a way,
that the bars AiBi, are not necessarily parallel, where i= 1, 2, 3. The critical
assumption is that the two bars of Prism framework, A1B1 and A2B2 are parallel. The
prism framework is not degenerate if the bar A3B3 is in the same half-space that is
determined by A1B1A2B2 plane. The prism framework is not degenerate if the bar
A3B3 is inside one of the half-space, which are determined by A1B1A2B2 plane, i.e.
there is no common point between the section A3B3 and the plane A1B1A2B2.
The length of the bars A1A2, B1B2 is less than 2, and they are also parallel, but the
exact length of them is not relevant in this case. We could leave the A1A2, B1B2 bars
if we suppose that A1B1 and A2B2 are parallel.
Theorem 3.1: If the bar A1B1 and the bar A2B2 are parallel, and the plane A1B1A2B2
does not intersect segment A3B3 in the non-degenerated prism framework, then the
bar A3B3 is also parallel to the bar A1B1 and the bar A2B2.
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Proof:
A3 is on the circle line CA, which is the intersection of the sphere with center A1 and
radius A1A3 and the other sphere with center A2 and radius A2A3. Similarly, B3 is on
the circle line CB, which is the intersection of the sphere with center B1 and radius
B1B3 and the other sphere with center B2 and radius B2B3. Circle CA is translated to
CB by vector A1B1. Hence, the translated joint A3 by vector A1B1 is a possible space
for B3. Indirect we assume there is another possible place for B3, let that be B03, it is
the reflection of B3 to the plane B1B2A3. The point B03 is then below the A1B1A2B2.
Hence, it is not suitable for B3.■
If we suppose that the motions of the joints of the prism are continuous, and not so
large, that the positions of the joints are not degenerate, then we can describe the
motion of the framework with some variables.
A joint Ji;j;k in the Scaffolding building has an infinitesimal motion in the direction of
axis Y, then for any 1 ≤ p ≤ m every joint Ji;p;k has the same infinitesimal motion
component because they are connected with rigid bars which are parallel to the Y
direction. The motion does not have a component in the X, or Z-direction since then
the lateral wall or the ground would have the same infinitesimal motion.
Denote by si;k the set of the bars that connect joint Ji;p-1;k to joint Ji;p;k, where 1 ≤ p ≤
m. Denote by yi;k the second coordinate (y) of Ji;0;k. Naturally, y0;k,= 0 and yi;0 = 0,
because all of these joints are fixed either to the lateral wall or the ground.
Denote by b(Ji1;j1;k1 ; Ji2;j2;k2 ) the long diagonal brace bar between joint Ji1;j1;k1 and
joint Ji2;j2;k2, where j1 ≠ j2. We say long diagonal but is possible that some of the
brace or all of them are no longer than the diagonal of a unit square.
Lemma: If there is a long diagonal brace b(Ji1;j1;k1 ; Ji2;j2;k2 ) then yi1;k1 = yi2;k2 .
Proof: About the rigidity of the large brace its endpoints have the same motion
component into the direction of the axis of the bar, this implies the yi1;k1 = yi2;k2, since
the other motion components of the endpoints are zero. ■
In this case, the brace is useful for the infinitesimal rigidity of the framework, since
if one of its endpoints has infinitesimal motion in the Y-direction imply that the other
endpoint has the same infinitesimal motion as well, it is important that j1≠j2.
Corollary 3.1: If the second coordinates of two joints is equal, i.e., j1=j2, then the
long diagonal brace is perpendicular to the Y axis. In this case, the brace is useless
for the infinitesimal rigidity of the framework, since infinitesimal motion in the Ydirection of one of its endpoints not imply, that the other endpoint has the same
infinitesimal motion in the Y-direction.
3.2 Bracing Graph
Let us define the bracing graph.
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Definition 2.2: B(Pi;k; E) bracing graph of the Scaffolding building: Let li;k
correspond to points Pi;k in the bracing graph, if i ≠ 0 and k≠0. If i or k equal to 0
then li;k corresponds to the same point P0;0. If there is a b(Ji1;j1;k1 ; Ji2;j2;k2 ) diagonal
brace, between joints Ji1;j1;k1, Ji2;j2;k2, then (Pi1;k1, Pi2;k2) є E, i. e. there is an edge
between verticesPi1;k1 Pi2;k2.
If will be more than one bracing bar in the case different j 1 or j2; then we connect the
corresponding points with multiple edges.
3.3 A necessary and sufficient condition
We give a necessary and sufficient condition for the infinitesimal rigidity of a
Scaffolding if we use diagonal braces.
Theorem 3.2: The l×m×n Scaffolding with some short or long diagonal braces is
infinitesimally rigid, i.e. kinematically determinate, if and only if its bracing graph is
connected.
Proof: The rigidity implies the connectivity of the bracing graph. The proof is
indirect: Assume that the bracing graph is not connected, then there exists a
component of the bracing graph, which does not contain P0;0. The bars and joints of
the corresponding li;k have a (possibly infinitesimal) motion in the Y-direction.
Hence, the assumption was false.
The proof of the other direction: if the bracing graph is connected, then we can get
from P0;0 to every Pi;k. Hence, the consequence of the Lemma every yi;k = y0;0 = 0 for
any i, k. Therefore, for any joint in the Scaffolding, there is no infinitesimal motion
in the Y-direction, there is no any infinitesimal motion in the X-direction, and in the
Z-direction that is the consequence of the fix lateral face and the fix planar ground
respectively. ■

In Figure 4 we can see on the left-hand side the bracing graph of the right-hand side
framework. The graph is not connected; it has two components. Hence, the upper
part of the framework can move. If we want to make it rigid, we can use one further
diagonal brace, which is corresponding to an edge connecting the two components of
the bracing graph for example between bar b (J1;2;1 ; J1;3;2) would be convenient.
Corollary 3.2: The number of the braces is independent of m. We need not less than
l·n diagonal braces for the infinitesimal rigidity.
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Figure 4
The bracing graph of the Scaffolding
We can see 2×3×3 scaffolding framework with five bracing elements. The arrows represent the
construction of the bracing graph. On the right-hand side of we can see the bracing graph of the
framework. This graph is not connected. Hence, some elements of the structure can move, but the first
floor is rigid.

3.5 Non-periodic Scaffolding
The reviewer asks about non-periodic structures. In this paper, it is critical, that at
the beginning of the motion, all of the joint can move only to the same (Y) direction.
This assumption is satisfied in that case when the length of certain bars are different,
and certain bars are equal. Hence, we could change the heights of the bars of any
floors in the Z direction. Similarly, we can modify the length of the bars the other
two directions.

Figure 7
Non-periodic scaffolding
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On the picture, we can see a Non-periodic Scaffolding in the X direction with variable bar lengths 1, 2, 1.
In the Y direction 1, 2, 1, 3, 1 are the lengths of the bars respectively. In the Z direction with length 3, 1,
1, 2, these are also the heights of the floors.

Hence, we could characterize the rigidity of the framework that its length of bars are
signed on Figure 7, naturally the length of the vertical bars on some of the floor are
equal, but not necessarily integer.

4. Applications

4.1 Building from Scaffolding
As an example of a scaffolding can see on, Fig. 8. was considered by FEM analyses
in (Chandrangsu, K.J.R. Rasmusse) and the loads and displacements characteristic
form the nonlinear analyses was consistent with their experiments, which were
controlled by increasing the applied load from direction Z.
According to our consideration, this framework is not scaffolding, since its joints not
connected to a fix lateral wall. We denote these structures as 3 story building, shortly
building. The rigidity of braced bar-joint building was considered in Radics, Recski
with the tools of combinatorial optimization also.

Figure 8
The building is built from scaffolding. On the picture, we can see a braced 3×3×3 building, it has one
Core in the middle, that holds four Expanded Cores, which hold the remained parts of the building. In the
Picture C we can see the bracing graph of the Expanded Cores.

For the stiffness of high building the designer generally use core, or cores, which
made from reinforced concrete for its stability. On the considered building the inner
1×1×3 square based transparent prism may regard as the core of this building (A),
since its sides are full braced, therefore it is rigid. We translate the joints of the
corners with their connected columns and bends (B). The remained parts, denote
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them expanded core of the building, there are four on the middle parts of picture B,
are also 1×1×3 square-based prisms may regard as scaffolds since they stand on the
ground and connect to the core. We can see on picture C the Core with an Expanded
Core in front and beside the elements of Scaffolding which create the next Expanded
Core. Their rigidity graph is connected, the consequence of our Theorem 3.2,
therefore they are rigid.
The remained parts (the translated corners) of the building connect with lateral walls
to the Expanded Cores of the building which are perpendicular to each other,
therefore the all braced bar-joint building is rigid. The stiffness of the expanded core
is the consequence of the braced scaffold rigidity.
For the sake of accuracy, our redefined building are denoted the bar-joint prefix
since it is different from the general engineering practice.
Definition 4.1. The l×m×n Bar-Joint Building is a l×m×n cube grid framework and
its joints on the base l×m face are attached to fixed joints in the planar ground, which
is the X-Y plane of the coordinate system.
In this case the joints on the back lateral m×n face are not connected to fixed joints
to the lateral wall that was the Y-Z plane of the coordinate system in case of Bar Joint
scaffolding.
Definition 4.2. The Bar-Joint Core is an a×b×n Bar-Joint Building as a rigid part of
an l×m×n Bar-Joint Building, where a ≤ l, and b ≤ m.
If the Building is fully braced, i.e. its all diagonals is a brace than it will be rigid,
naturally it is not necessary for the rigidity of the building.
Definition 4.3. The Expanded Cores of a Bar-Joint Core of a Bar-Joint Building is
that parts of that may regard as a Bar-Joint Scaffolding and there is mutual lateral
wall with the Bar-Joint Core as the rigid part of the Bar-Joint Building,
Using the former results we provide sufficient assumption for the rigidity of the
braced Bar-Joint Building.
Theorem 4.1: If the braced Expanded Cores of the Bar-Joint Building with a BarJoint Core are rigid, then the Bar-Joint Building is rigid.
Proof: the rigidity of the k×l×m Bar-Joint Building is the consequence of the
previous sentences which proved the rigidity of the 3×3×3 Bar-Joint Building on
Picture A in Figure 8.■
Corollary 4.1: This theorem allowed to use long diagonals for the rigidity of the
expanded scaffold, but the shorts are better for economy point of view.
Corollary 4.2: The number of the necessary braces for the rigidity of the l×m×n BarJoint building with 1×1×n Bar-Joint Core is n(l+m‒2) independently from the place
of the core.
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The reverse theorem is not true. If one of the expanded cores is not rigid, the
building can still be rigid. We regard the 3-th floor of the 3×3×3 Bar-Joint Building
(Fig. 9A) and place its brace of the Expanded Cores from one of the lateral wall to
the horizontal ceiling (Fig. 9B), it is remained rigid as we can see the bracing graph
is changed, but remained connected, hence the Expanded Cores are rigid and also the
Building. If we translate the brace one of the ceiling to right, then the structure
remained rigid but the braces of the front side expanded core is lost, therefore this
expanded core as scaffolding is not rigid.

Figure 9
On the picture A, we can see the 3-rd floor of the braced 3×3×3 building. it has one Core in the middle,
that holds four Expanded Cores, which hold the remained parts of the building. In the Picture C we can
see the bracing graph of the Expanded Cores.

Corollary 4.3: The rigid slabs elements are allowed to use as braces horizontal
squares for the rigidity of the Expanded Core.
In this case the slabs have to remain in its position, i.e. they not allowed to translate
from the Expanded Core. If we translate the braces we may lost the stability as we
can see on Figure 9C. In this case all of the horizontal bracing elements are in the
corner of the ceiling, and there are some joint which have infinitesimal motion to the
direction of the arrows, since the joints in the upper corner and their bars are
irrelevant as constraints, therefore we ignored it.
There is no finite motion in the former case. Contrary to the statement, we suppose
there is a finite movement as we can see on Figure 9D. Since the green colored bars
are equal and parallel during this motion see Theorem 3.1, the left part of the
structure can translate next to the right part of the structure erasing the green colored
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bars. Similarly we translate the back part of the structure along the yellow colored
bars to the front part of the structure we get the Structure on the picture E in Figure
9. The upper part of this structure with the braces consists of four Isosceles Right
Triangles, which would only be able to move if one of the pairs of opposing bars for
example a and b remain parallel, in this case the connected vertical bars c, e are fixed
since d is fixed originally, which imply the other two vertical bars are fixed also.
The rotational stiffness of the building that braced according to our theorem is the
consequence of the translational stiffness of all joints to both of the direction X and
Y.

4.2 The Scaffolding Rigidity in the Standards
The consequence of our result could be further considered of the OSHA 3150 2002
(Revised) [68]. The scaffold one of its pictures is not rigid in Figure 9.

Figure 9. Infinitesimally not rigid Scaffolding. OSHA 3150 2002 scaffold framework is on the left [71].
Disregarding the crash barrier of the scaffolding we may use two bracing graphs; the first one is not
connected, the second graph is connected the consequence of the Scaffold Planks.

If the applied joint connections are regarded to ball joint connection, then framework
is a 1×4×5 scaffolding, we can see its rigidity graph of the left-hand side framework
in the middle of Figure 9. If the links of the vertical bars (Posts) of the framework
are regarded to rigid connection, then the framework may be regarded as a 1×4×1
scaffolding, and the rigidity graph of this framework is on the right-hand side of the
picture. The large node corresponds to the ground and the lateral wall, the dashed
lines connections is the consequence of the sticking friction between the ground and
the sleeper of the scaffolding. Reassuringly, none of them is connected. Hence, the
consequence of Theorem 2.2, they are infinitesimally not rigid even if we connect all
joints which are near to the lateral wall to this wall with short bars and ball joint. In
the latter case, the diagonal Cross Bracing in the signed squares is unnecessary the
consequence of Corollary 2.3.2. Without these short bars, the structure cannot be
considered as a Scaffold. In this case, the looseness of the connections of the vertical
elements, and the lost connection to the lateral wall there are infinitesimal horizontal
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motions not just to the lateral (Y), but to the X direction also which imply finite
motions.
Notwithstanding, in the second case, the framework may regard rigid if the next
assumption are satisfied:
The Scaffold Planks are tight enough that they regarded as diagonal brace, signed by
the dotted line between the top of the two nodes;
The joints of the inner side vertical elements are fixed at least in the direction X.
Since these conditions are missing from the OSHA Guide, the revision of this
standard is to be wished, similarly to (Prabhakaran) [50].

5 The deciding of the rigidity of the Scaffolding
5.1 The computation of the rigidity of Scaffolding
Our model describes the structures that are periodic as in [39] using arbitrarily long
diagonals. These make the system more usable, making them promising candidates
for civil engineering structures, material science, nanotechnology and biomedical
applications. The possible algorithm consists of the next steps:
Take a Scaffolding type framework with some bracing elements
1. Choose an adequate data structure for joints, bars and bracing elements
2. Decide the framework is a Scaffolding
3. Decide the bracing graph nodes and edges
4. Decide the connectedness of the bracing graph
5. Describe the possible infinitesimal motions of the joints of the structure
With this procedure, the rigidity properties of variety of structures based on
Scaffolding type framework could be identified.
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Figure 10. Flowchart of the rigidity of Scaffold algorithm. The construction of the bracing graph is
different in the of the recess framework.

The Fig. 10 shows a simplified flowchart of this algorithm. Let N be the number of
the nodes plus the number of the edges of the bracing graph. The time complexity of
the rigidity algorithm of the above framework braced with diagonals is linear with
the size of the graph, because the time complexity of checking connectivity is of the
order of N.
Using Theorem 2.2, we can decide the rigidity of a Scaffolding of the order of (ln)2
steps, because an upper bound for the number of steps of the test, to decide if a graph
is connected, is the number of the possible edges. For instance, the number of the
joints are lmn in the case of the Scaffolding, and the size of the auxiliary graph of the
framework is ln, and hence the time complexity of the proposed algorithm, is (ln)2.
While according to Maxwell, the number of operation would be of the order of
(lmn)3 using Gaussian elimination. Using Maxwell method for the upper bound of
the counting size of a cubic size Scaffold is approximately 50 for daytime. In the
case of our result, the upper bound of the Scaffold size is near 10000 regarding
similar terms.

5.2 The computation of the rigidity of Building
5.3 Computing the safety of Scaffolding
Real frameworks networks consist of redundant connections. The redundancies are
important the safety of the rigidity of the network. The redundancies of the structural
elements in consequence of its uncertainty may be saved the building and its
serviceability under catastrophes or hazardous events.
Definition 5.1: The framework is safety if some of the elements collapse while the
remainders have kept the rigid structure yet.
The bracing graph is connected in the case of rigid structures. We have to demand
the redundancies of the bracing elements. Hence we increase the connectivity of the
bracing graph. Similar problems are significant and well-studied optimization
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problems in graph theory, and network analysis. The connectivity augmentation
problem is the next in our case: given a bracing graph and a positive integer k, we
find a minimum number of new edges in the bracing graph, that the results will be k
edge-connected. Hence, if we remove arbitrary k−1 edges that corresponded to the
removed bracing element the remained object not collapsed. The connectivity
augmentation helps us to increase the safety of an already existing network by
adding an optimal number of new connections for the rigidity of Scaffolding.

It is an open question even if the graph G to be augmented is (k-1) vertex-connected.
Polynomial algorithms have been developed only some cases [72]. In network
design, it is often of interest to know how sensitive a particular property of a
network is to changes in the graph structure, like the removal or failure of edges. We
focus on the edge-connectivity of a graph. The connectivity interdiction asks to
decrease the edge-connectivity of a graph maximally by removing a limited set of
edges. We can ask how many braces could be taken away at most before the graph
disconnects. Hence, our framework would collapse. If the edge connectivity is k
then we could take away k brace, the graph will become disconnected (not all of k
brace are good for the disconnectivity), i.e. the framework will be a mechanism.

5.3 Computing the safety of Building

6. Discussions
6.1 The boundary of the rigidity optimization of Scaffolding
Our graph theoretical model determines the flexibility or rigidity of the ideal
structure of Scaffolding, with undeformed bars and freely rotatable joints. Maxwell’s
result counts the degree of freedom of the framework, and it solves the problem
without the constraint that came from the lateral wall and the ground as we have seen
in the 2.2.1. It is expected that overall stiffness of a biological network consisting of
rigid and soft elements be determined mainly by the elastic elements, which are the
bracing elements [54-59, 62-66]. In this case, the network stiffness would be
insensitive to slight changes in the rigidity of the stiff items that would be for
example the filaments [55, 58, 62]. Structurally related hierarchical tissue systems
exist throughout the human body, for instance in partially mineralized tissues at
tendon-to-bone attachments consisting of collagen cross-linked by solid mineral
particles. The infinitesimal rigidity of fibrils in bundle structures is similar as
scaffolding as we can see in section 4.1 and 4.2. The latter application could be a
good model for the composite structures [60-62].
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Our results provide strategies that maximize the number of the element of fragments
and minimize preservation of intact cellulosic fibrils that structure are also similar to
the scaffolding if the assumption is satisfied for example in the case of arboreal
plants [56-58]. We can find the optimal structures that useful for rigidity point of
view or contrary could move (developing). This result is helpful to the input of
simulation of the real elastic behavior of the elements in a given structure, for
example; we can test the rigidity of the structure before the considerations of the
Finite Eleeemmments Methods. Hence, this model could be a good candidate for the
future work in cell biology. Using the results of flexibility and rigidity of
Scaffolding, we can predict the motion of a structure of a ten thousand individual
bars in the structures, thanks to the Graph-theoretic and graphic reduction of the
complex system.

7 Conclusions
In this paper, we consider frameworks that consist of deterministic (not
stochastically chosen), fixed length bars that could rotate independently around the
connected common joint. Our frameworks are grid-like finite structures. The results
of this paper:


A new characterization of scaffolding with arbitrary lengthed bracing
elements. The characterization is very expressive that we can see in Figure
2, Figure 3, and Figure 5, the Scaffolding using some braces is rigid if the
projection of joints and bracing elements (without any bars) to Y-direction,
i.e. the direction of the projection is parallel to the baseline, is connected.
o

The main contribution of our result is the Theorem 2.2 that provide
an efficient algorithm deciding the rigidity of Scaffolding,
frameworks.

o

The connectivity of the bracing graph of our frameworks
characterizes the flexibility and the rigidity of the structure.



We could estimate using this method how many bracing elements sufficient
for the rigidity i.e. for the kinematically determinate systems. Our results
provide strategies that evaluate the number of the bracing elements of
fragments and minimize preservation of intact parallel bars.



The rigidity analysis of the structure that consists of ideal bars and joints
elements provide very fast results to the input of the simulation of the real
elastic behavior of the elements in a given structure, for example; we can
test the rigidity of the structure before the considerations of the Finite
Elements Methods.



We suggest the revision of the sample scaffolding of the OSHA standard.
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The kinematical characterization taken provides a powerful model for
exploring the infinitesimal mobility of these structures and gives a new
approach to understanding the nanoscale behavior of biological materials as
fibrils and other fibrous polymers.
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